The composite quadratic function based on a group of quadratic functions was introduced in our recent paper [7] . Some important properties of this Lyapunov function were revealed. We showed that this function is continuously differentiable and its level set is the convex hull of a group of ellipsoids. In this paper, we use these results to study the set invariance properties of linear systems with input and state constraints. We show that for a system under a given saturated linear feedback, the convex hull of a group of invariant ellipsoids is also invariant. If each ellipsoid in a group can be made invariant with a bounded control of the saturating actuator, then their convex hull can also be made invariant by the same actuator. For a group of ellipsoids, each invariant under a separate saturated linear feedback, we also present a method for constructing a nonlinear continuous feedback law which makes their convex hull invariant.
Introduction
We consider linear systems subject to input saturation and state constraint. Control problems for these systems have attracted tremendous attention in recent years because of their practical significance and the theoretical challenges. For linear systems with input saturation, global and semi-global stabilization results have been obtained for semi-stable systems 2 (see, e.g., [11, 12, 14, 15, 16] ) and systems with two antistable poles (see [10, 6] ). For more general systems with both input saturation and state constraint, there are numerous research reports on their stability analysis and design (see [1, 3, 4, 6, 18] and the references therein). While analytical characterizations of the domain of attraction and the maximal (controlled) in- 2A linear system is said to be semi-stable if all its poles are in the closed left-half plane.
variant set have been attempted and are believed to be extremely hard except for some special cases (see, e.g., [10] ), most of the literature is dedicated to obtaining an estimation of the domain of attraction with reduced conservatism or to enlarge some invariant set inside the domain of attraction. Along this direction, the notion of set invariance has played a very important role. The most commonly used invariant sets for continuous-time systems are invariant ellipsoids, resulting from the level sets of quadratic Lyapunov functions. The problem of estimating the domain of attraction by using invariant ellipsoids has been extensively studied, e.g., in [2, 3, 5, 13, 17, 18] . More recently, we developed a new sufficient condition for an ellipsoid to be invariant in [9] (see also [6] ). It was shown that this condition is less conservative than the existing conditions resulting from the circle criterion or the vertex analysis. The most important feature of this new condition is that it can be expressed as LMIs in terms of all the varying parameters and hence can easily be used for controller synthesis. A recent discovery makes this condition even more attractive. In [8] , we showed that for the single input case, this condition is also necessary, thus the largest ellipsoid obtained with the LMI approach is actually the largest one.
In [7] , we introduced a new type of Lyapunov function which is based on a group of quadratic functions. In this paper, we will use this function to study the invariance of the convex hull of a group of ellipsoids. We first study the invariant sets of a linear system under the control of a saturated linear feedback. We will show that if each ellipsoid in a group is invariant by the condition of [9] , then their convex hull is also invariant. We then extend this result to systems with a class of saturation-like nonlinearities. We will further show that if each ellipsoid in a group can be made invariant with saturating actuators, then their convex hull can also be made invariant. Finally, we will construct, from a group of saturated linear feedback laws, a continuous nonlinear feedback law which makes the convex hull invariant.
The composite quadratic function was motivated from the study of control systems with saturating actuators and state constraints, it is a potential tool to handle more general nonlinearities, as will be demonstrated in this paper. This paper is organized as follows. In Section 2, we give a brief review of the definition of the composite quadratic Lyapunov function and some of its important properties. In Sections 3 -5, we use these properties of the Lyapunov function to study the set invariance of linear systems with input and state constraints. In particular, we will show in Section 3 that under a given saturated linear feedback, the convex hull of a group of invariant ellipsoids is also invariant. In Section 4, we will study the controlled invariance of the convex hull. In Section 5, we will present a method for constructing a nonlinear continuous controller which makes the convex hull invariant. Section 6 draws the conclusions to this paper.
Notation:
We use sat(-) to denote the standard vector valued saturation function. For u C R TM, the ith component of sat(u) is {sat(u)}i = sign(ui) min{1, I~1}. We use lu]~ and ]u12 to denote respectively the infinity norm and the 2-norm. For two intergers kl, k2, kl < k2, we denote I[kl,k2] = {kl, kl -Jr-1,-"',k2}.
Let P E R nxn be a positive-definite matrix and p be a positive number. Denote
For simplicity, we use g(P) to denote g(P, 1). For a matrix F C R mx~, denote the ith row of F as fi and define
£(F) "-{x e R n" fix ~ l,i e I[1, m]}.
If F is the feedback matrix, then £(F) is the region in the state space where the control u -sat(Fx) is linear in x.
All the proofs are omitted due to space limitation.
The composite quadratic function
With a positive definite matrix P C R nxn, a quadratic function can be defined as V(x) -xTPx.
For a positive number p, a level set of V(x), denoted
L.(p)-{x c v(x) _< p} -E(P, p)
In this paper, we will be interested in a function determined by a group of positive definite matrices
For a vector 7 C R N, define
It is easy to see that Q(7), P(7) > 0 for all 7 c F and these two matrix functions are analytic in 7 C F. The
composite quadratic function is defined as
Vc(x) := minxTP (7)x. The following properties about this composite quadratic function was established in [7] .
Theorem 1

Lvc(P)
2) The function Vc(X) is continuously differentiable in x. Let 7* be an optimal 7 such that xTP(7*)x = min~cr xTP (7)x, then
The function Vc(x) and an optimal 7 can be computed with LMI toolbox:
If we only have two ellipsoids (N = 2), there exists a more efficient way to obtain Vc(x) through computing the generalized eigenvalues of certain matrices (see [7] ).
The following fact will also be useful for establishing the main results of this paper. Consider the open-loop system
where u is the output of saturating actuators and is assumed to satisfy the bound lu ~ < 1. The state constraint is represented by a convex set Ft0, which contains the origin in its interior. It is required that the system operate in Ft0 for all t > 0. Suppose that we have a stabilizing feedback law u -sat(Fx), under which the closed-loop system is
Since Ft0 is generally not an invariant set, we would like to determine a maximal subset of Ft0 such that, for any initial state x0 in this subset, the state trajectory of (4) will stay in it and converge to the origin. Because of the intrinsic difficulty involved in determining the maximal invariant set inside Ft0, alternative problems have been formulated such as determining the invariance of ellipsoids and searching for the largest invariant ellipsoid inside Ft0. In [9] , we derived a sufficient condition for checking the invariance of a given ellipsoid. This condition turns out to be also necessary for single input systems [8] . We need some notation to state the set invariance condition of [9] . Let 7) be the set of rn x rn diagonal matrices whose diagonal elements are either 1 or 0. There are 2 TM elements in 7). Suppose that each element of 7) is labeled as Di, i -1, 2,---, 2 TM. Then, 
Given a positive definite matrix P, let V(x) -xTPx. The ellipsoid $(P, p) is said to be contractively invariant if
for all x e $(P, p) \ {0}. The invariance of $(P, p) can be defined by replacing "<" in (5) with "<". Clearly, if $(P, p) is contractively invariant, then for every initial state x0 c $(P, p), the state trajectory will converge to the origin and $(P, p) is inside the domain of attraction.
Proposition 1 [9, 6] Given an ellipsoid $(P,p), if there exists an H C R mxn such that (A+B(DiF+D~-H))TP+P(A+B(DiF+D
:f H)) < (<)0 Vie I[1, 2m],(6)
and $(P, p) c £(H), then $(P, p) is a (contractively) invariant set.
The condition in Proposition 1 is easy to check with the LMI method. To impose the state constraint, we only need to require that $(P,p) c Ft0. In the case that Ft0 is a symmetric polytope, there exists a matrix Go c R ~×~ for some integer t~ such that Ft0 = £(Go). In light of Fact 1, the requirement that $(P, p) C Ft0 can be easily transformed into LMIs. In [9, 6] , we also developed LMI methods for choosing the largest invariant ellipsoid with respect to some shape reference set, where the matrix P was taken as an optimizing parameter. The shape reference set could be a polygon or a fixed ellipsoid. It could also be a single point x0 C R n. In this case, the largest invariant ellipsoid inside Ft0 is the one that includes c~x0 with the maximal c~ > 0. By choosing different x0, say, xo,j,j c Ill,N], we can obtain N optimized invariant ellipsoids £(Pj, pj) C f~o,j C I [1, N] . It is easy to see that the union of these ellipsoids, U;-1 $(Pj, pj), is also an invariant set inside Ft0. But this union does not necessarily include the convex hull of Xo,j,j C I [1,N] . What is desired here is that the convex hull of the ellipsoids, co{£(Pj,pj), j e I[1,N]}, is also an invariant set.
For simplicity and without loss of generality, we will consider a group of invariant ellipsoids $(Pj, pj),j c I[1, N], with pj = 1. The following theorem says that if each g'(Pj) satisfies the condition of Proposition 1, then their convex hull, co{$(Pj),j C I[1, N]}, is also invariant.
Theorem 2 Given a group of ellipsoids $(Pj),j c I[1, N]. If there exist matrices Hj, j e I[1, N] such that (A+B(DiF+D~-Hj))Tpj+Pj(A+B(DiF+D~-Hj))
< 0
and Note that when ¢(s) = sat(s), the condition (9)is necessary for the (contractive) invariance of each g(Pj). Hence it is not an additional condition as compared with Corollary 1. Fig. 1 illustrates a few 
g (P j) c £(Hj), j e Ill, N], then co{g(Pj), j e I[1,N]} is an invariant set. If "<" holds for each of the above inequalities, then for every initial state
Controlled invariant sets
In this section, we investigate the possibility that a level set can be made invariant with controls delivered by the saturating actuators. Given a positive definite function V(x), suppose that the level set LK (1) 
where bi is the ith column of B. However, due to the discontinuity of the sign function, the closed-loop systern under this control may be not well behaved. This control is continuous in x since both sat(-) and ave 0x are continuous. The value of k may be however difficult to determine. In the next section, we will provide a method for constructing a controller from a group of saturated linear feedback laws. has a guaranteed convergence rate inside g(P2) under u = sat(F2x) (see [6] for the detailed design method). In Fig. 2 , the boundaries of the two ellipsoids are plot- ted in solid curves. The dotted curves are the boundaries of g(P(7)) as 3' varies in the set F. The shape of Lvc (1) = U~r g(P(7)) can be seen from these dotted curves. The function 7*(x) is guaranteed to be continuous and can be computed by the method given in [7] . Simulation is carried out under the feedback law u = sat(F(7* (x) )x). In Fig. 3 , a trajectory starting from OLv~ (1) is plotted. Fig. 4 plots the control signal u(t) (in solid curve) and the composite quadratic function Vc (x(t)) (in dashed curve). 
Conclusions
We used a recently introduced Lyapunov function, the composite quadratic function, to study some set invariance properties of linear systems with input saturation or saturation-like nonlinearities. In particular, we showed that if every ellipsoid in a group is invariant under a saturated (or saturated-like) feedback, then they convex hull is also invariant. Similar results on controlled invariance have also been established. We also proposed a method to construct a continuous feedback law based on a group of saturated linear feedback laws to make the convex hull of a group of ellipsoids invariant. The composite quadratic function is relatively easier to handle than a general nonlinear Lyapunov function and we expect to use it to study more general nonlinear systems.
